This paper presents a methodology for the construction of simple Control Lyapunov Functionals (CLFs) for boundary controlled parabolic Partial Differential Equations (PDEs). The proposed methodology provides functionals that contain only simple (and not double or triple) integrals of the state. Moreover, the constructed CLF is "almost diagonal" in the sense that it contains only a finite number of cross-products of the (generalized) Fourier coefficients of the state. The methodology for the construction of a CLF is combined with a novel methodology for boundary feedback design in parabolic PDEs. The proposed feedback design methodology is Lyapunov-based and the feedback controller is an "integral" controller with internal dynamics. It is also shown that the obtained simple CLFs can provide nonlinear boundary feedback laws which achieve global exponential stabilization of semilinear parabolic PDEs with nonlinearities that satisfy a linear growth condition.
Introduction
One of the most important methodologies for the construction of stabilizing feedback laws in systems described by Ordinary Differential Equations (ODEs) is the Control Lyapunov Function (CLF) methodology (see [23, 8] and references therein). The CLF methodology allows the solution of global feedback stabilization problems for highly nonlinear systems and also allows the robustness analysis of the resulting closed-loop system. When studying systems described by Partial Differential Equations (PDEs), the Control Lyapunov Function becomes a Control Lyapunov Functional (CLF). The use of CLFs for the solution of global feedback stabilization problems for systems with PDEs has been presented in detail in [5] and has been used for instance in [1, 7, 12, 14, 20, 21] .
However, it is true that the CLF methodology has not been used so far for systems described by parabolic PDEs with boundary control. Indeed, the design of global boundary feedback stabilizers for parabolic PDEs has focused on linear parabolic PDEs, where several methodologies are available; see [2, 6] and the backstepping design methodology described in [13, 22] . The backstepping design methodology is essentially a transformation methodology, which can ultimately provide a CLF for the parabolic PDE. However, the CLF depends on the kernel of the transformation (i.e., the computation of the CLF requires the solution of a PDE) and is very complicated even for simple cases: it contains double and triple integrals and it is a very "nondiagonal" functional, in the sense that it contains an infinite number of cross-products of the (generalized) Fourier coefficients of the state. Perhaps, this is the reason that CLFs for boundary controlled parabolic PDEs have not been used so far for feedback design. The complicated nature of the CLF obtained by backstepping has not allowed the use of the CLF methodology for nonlinear parabolic PDEs. Very few feedback design methodologies have been proposed for unstable nonlinear parabolic PDEs: see the extension of the backstepping boundary feedback design in [24, 25] as well as feedback designs for distributed inputs in [4, 7, 20, 21] . In many cases the stabilization results are local, guaranteeing exponential stability in specific spatial norms. The papers [10, 11] presented methodologies for global feedback stabilization of boundary controlled nonlinear parabolic PDEs: a small-gain methodology is applied in [10] , while a CLF methodology is used for PDEs with at most one unstable mode in [11] .
In this paper we show how we can obtain simple CLFs for boundary controlled parabolic PDEs. The proposed methodology for the construction of the CLF provides functionals that contain only simple (and not double or triple) integrals of the state. Moreover, the constructed CLF is "almost diagonal" in the sense that it contains only few cross-products of the (generalized) Fourier coefficients of the state. The methodology does not rely on the solution of a PDE but requires knowledge of the eigenvalues and eigenfunctions of a specific Sturm-Liouville (SL) operator.
In order to be able to construct simple CLFs for boundary controlled linear parabolic PDEs, we also present a novel methodology for boundary feedback design. The proposed methodology is Lyapunov-based and is very different from the backstepping methodology. The methodology provides a family of stabilizing boundary feedback laws that have never been used so far: the feedback controller is an "integral" controller with internal dynamics (described by additional ODEs).
As expected the construction of simple CLFs allows the study of global feedback stabilization problems for boundary controlled nonlinear parabolic PDEs. Indeed, we show that simple CLFs can provide nonlinear boundary feedback laws which achieve global exponential stabilization in the 2 
L
norm of semilinear parabolic PDEs with nonlinearities that satisfy a linear growth condition.
The structure of the paper is as follows. Section 2 is devoted to the presentation of the methodology for the construction of the CLF for boundary controlled linear parabolic PDEs. As explained above the methodology is strongly related to a novel methodology for boundary feedback design, which is also presented in detail in Section 2. Section 3 of the present work is devoted to the study of global feedback stabilization problems for boundary controlled semilinear parabolic PDEs with nonlinearities that satisfy a linear growth condition. The proofs of the main results are given in Section 4 of the paper. Finally, the concluding remarks of the paper are provided in Section 5.
Notation. Throughout this paper, we adopt the following notation. 
with all its weak derivatives up to order
Construction of the Lyapunov Functional
In this section we present a procedure for the construction of a simple Control Lyapunov Functional (CLF) for a 1-D linear parabolic PDE under boundary control. We use the word "simple" in order to indicate that the constructed CLF does not involve any solution of an additional PDE and does not contain double and triple integrals. The only thing that is required for the construction of the CLF is the knowledge of the eigenfunctions of a specific Sturm-Liouville (SL) operator. All steps in the construction are explained in detail.
Consider the SL operator 
)( It is well-known (Chapter 11 in [3] and pages 498-505 in [18] ) that all eigenvalues of the SL operator In the present work, we use the following assumption for the SL operator It is important to notice that the validity of Assumption (H) can be verified without knowledge of eigenvalues and the eigenfunctions of the SL operator A (see [35] ).
In this section, we consider the following control system 
, it follows that each of the boundary-value problems (2.9), (2.10) has a unique solution.
We perform the state transformation System (2.5), (2.6), (2.7) in the new coordinates is described by the equations
The object of the study of the present section is the PDE-ODE system (2.13), (2.14), (2.15) . However, it is clear that the transformation (2.11), (2.12) can always allow the interpretation of the results in the original coordinates (i.e., for the original 1-D linear parabolic system (2.5), (2.6), (2.7)).
Using the fact that such that the following matrix inequality holds:
Therefore, there exist constants 
Define the projection operator: V w y along the solutions of (2.13), (2.14), (2.15) is given by the formula
The following theorem shows that if the constants V w y defined by (2.26) is a CLF for system (2.13), (2.14), (2.15).
Theorem 2.2:
Assume that
V w y as defined by (2.26 ) is a CLF for system (2.13) , (2.14) , (2.15) , in the sense that for every
and for every integer
the following inequality holds for all
where V is given by (2.29) and (2.14) , (2.15) , (2.33 ) with initial condition 
As noticed previously, the CLF given by (2.40) involves no double or triple integrals. Moreover, using formulas (2.11), (2.33), (2.34) we obtain a family of feedback stabilizers for system (2.41); namely the parameterized family of feedback laws 
Nonlinear Feedback is Better than Linear Feedback
, where
. Therefore, in this case we are in a position to assign at will the dynamics of the first N modes of the PDE (2.13) with boundary conditions given by (2.14). Moreover, for RI  , it follows from (2.21) and (2.25) that GP  and consequently the CLF defined by (2.26) has a particularly simple form. The simplicity of the CLF may be exploited for the study of the semilinear PDE problem Moreover, we will assume that the N functions We consider two different controllers for system (3.5), (3.6), (3.7).  . Notice that for this controller, the system that describes the evolution of the first N modes of the solution of (3.5), (3.6), (3.7) is nonlinear.
For each one of the two controllers, we have the following results. is a CLF for system (3.5) , (3.6) , (3.7) . More specifically, there exists a constant (3.5) , (3.6) , (3.7) , (3.9) (3.14) . This means that the linear controller (3.11) achieves global stabilization of system (3.5), (3.6), (3.7) for a strictly smaller set of nonlinearities than the set of nonlinearities allowed for global stabilization of system (3.5), (3.6), (3.7) under the nonlinear controller (3.9).
Conditions (3.13), (3.14) are equivalent to the single condition 4 ( 1) 4 ( 1) 
ww t x t x w t x x v t x v t f w t x x y t x y t t x
               , ) 1 , 0 (  x (3.24) ( ,0) ( ,1) 0 w t w t  ,(3.
Proofs of Main Results
We start with the proof of Lemma 2.1. . Indeed, using integration by parts, (2.1), (2.9), (2.10) and the fact that
Since the system is controllable. The Kalman rank controllability test for system (4.3) gives the square matrix 
Rearranging the terms in the right hand side of (4.7), we obtain for all ( , , ) 
We next use the (Young) inequalities   15   2  2 2 2  ,,   22 22  ,, ,, 
The Cauchy-Schwarz inequality 
It should be noticed that inequalities (2.30), (2.31) imply the inequalities 
The feedback law (2.33), (2.34) implies that the following equations hold for 1,..., 11   2  2  2  1  1  21   1   ,  ,  ,  2 , 22
Using the (Young) inequality   2  2  2 , , , 
Using the fact that The facts that
in conjunction with (4.16) and 4.20) and notice that by virtue of (3.13), (3.14) there exists sufficiently small Using the Cauchy-Schwarz inequality, (3.9), (3.10), (4.6) and (3.17), we get: 1   2  22  2  2  ,,  22   11   2  22  2  2  ,,  22  1  11 (1 ) , (1 ) , From this point we follow the same procedure as in the proof of Theorem 2.2 and we derive the exponential stability estimate (2.35). The proof is complete. From this point we follow the same procedure as in the proof of Theorem 2.2 and we derive the exponential stability estimate (2.35). The proof is complete.
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Concluding Remarks
The present paper showed that simple ("almost diagonal" with no double and triple integrals) CLFs for boundary controlled parabolic PDEs do exist. Moreover, these simple CLFs can give a novel methodology for boundary feedback design in parabolic PDEs. The proposed feedback design methodology is Lyapunov-based and the feedback controller is an "integral" controller with internal dynamics. It was also shown that the obtained simple CLFs can provide nonlinear boundary feedback laws which achieve global exponential stabilization of semilinear parabolic PDEs with nonlinearities that satisfy a linear growth condition.
Future research may address the construction of simple CLFs for boundary controlled systems of parabolic PDEs. Constructions of Lyapunov functionals for systems of parabolic PDEs were proposed in [15, 16] and can be the basis of future work. Another research direction that could be explored is the further simplification of the CLF. It is possible that non-coercive CLFs (proposed in [17] ) may provide ways to simplify a CLF for a boundary controlled parabolic PDE even further.
